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Full Wave Analysis in Toroidal Devices

• Motivations
◦ RF Heating and Current Drive (Fast wave, Alfvén wave)
◦ Low Frequency Instabilities (Alfvén eigenmodes)
◦ Diagnostics (Ion cyclotron emission)

• Features
◦ Configuration: 2D (Axi-symmetric, Linear-helical), 3D
◦ Plasma model: Cold, Hot (No FLR), FLR (Fast wave, Differential, Integral)
◦ Numerical method: Finite difference, Finite element, Mode expansion

• Various Codes

ALCYON (Cadarache), LION (Lausanne/JET), PENN (Stockholm),
PICES (Oak Ridge), TASK/WM (Ours), TORIC (Garching), Bonoli (MIT)



Full Wave Code: TASK/WM

• Magnetic Flux Coordinates (Non-Orthogonal)

◦ Minor radius direction: Poloidal
Magnetic Flux ψ

◦ Poloidal direction: θ

◦ Toroidal direction: ϕ R0

R

Z

ϕ

θ
ψ

• Co-variant expression of E

E = E1e1 + E2e2 + E3e3

where contra-variant basis

e1 = ∇ψ, e2 = ∇θ, e3 = ∇ϕ

• J : Jacobian J =
1

e1 · e2 × e3 =
1

∇ψ · ∇θ × ∇ϕ
• g : Metric tensor gi j = ei · e j, where co-variant basis ei ≡ ∂r/∂xi



Wave Equation

• Maxwell’s equation for stationary wave electric field E
(angular frequency ω, light velocity cj

∇ × ∇ × E =
ω2

c2

↔
ε · E + iωµ0 jext

◦ ↔ε : Dielectric Tensor : Effects of finite temperature
Cyclotron damping, Landau damping
◦ jext : Antenna Current

•Wave Equation in Non-Orthogonal Coordinates (radial components)
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◦ (x1, x2, x3) = (ψ, θ, ϕ)
◦ Similar expression for poloidal and toroidal components



Response of Plasmas

• Usually the dielectric tensor
↔
ε is calculated in Cartesian coordinates with static mag-

netic field along the z axis.
• Local normalized orthogonal coordinates

ês =
∇ψ
|∇ψ|, êb = êh × êψ, êh =

B0

|B0|

• Variable Transformation:
↔
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E2

E3


 =

↔
µ ·
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↔
µ ≡
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c2g12 + c3g13

0 c3J
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g11 c2g22 + c3g23

0 −c2J
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c2 = Bθ/B, c2 = Bφ/B
d = c2(g23g12 − g22g31) + c3(g33g12 − g32g31)
g11 = (g22g33 − g23g32)/J2

• Dielectric Tensor in Non-Orthogonal Coordinates:

↔
ε =

↔
µ · ↔ε sbh ·

↔
µ
−1



Fourier Mode Expansion

• Fourier Expansion in Poloidal and Toroidal Directions

• Spatial variation of wave electric field, medium and the L.H.S. of Maxwell’s equation

E(ψ, θ, ϕ) =
∑
mn

Emn(ψ)ei(mθ+nϕ)

G(ψ, θ, ϕ) =
∑

lk

Glk(ψ)ei(lθ+kNpϕ)

J(∇ × ∇ × E) = G(ψ, θ, ϕ)E(ψ, θ, ϕ) =
∑

m′n′
[J(∇ × ∇ × E)]m′n′ei(m′θ+n′ϕ)

• Coupling between various modes (Nh : Rotation number of helical coil in ϕ)

Mode Number Toroidal Direcition Poloidal Direction
Wave electric field E n m
Medium G kNh l
J(∇ × ∇ × E) n′ m′

Relations n′ = n + kNh m′ = m + l



Parallel Wave Number

• Dielectric tensor
↔
ε (ψ, θ, ϕ, km′′n′′

‖ ) depends on parallel wave number km′′,n′′
‖ through

the plasma dispersion function Z[(ω − Nωcs)/km′′n′′
‖ vTs]

km′′,n′′
‖ = −iêh · ∇ = −iêh · (∇θ ∂

∂θ
+ ∇ϕ ∂

∂ϕ
)

= −iêh · (e2 ∂

∂θ
+ e3 ∂

∂ϕ
) = m′′

Bθ

|B| + n′′
Bϕ

|B|
• Fourier components of electric displacement

(J
↔
ε · E)i = J

↔
g
−1
· ↔µ · ↔ε sbh ·

↔
µ
−1
· Ei

m′ `3 `2 `1 m
n′ k3 k2 k1 n
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m′′ = m + `1 +

1
2
`2 n′′ = n + k1 +

1
2

k2

m′ = m + `1 + `2 + `2 n′ = n + k1 + k2 + k3



Destabilization by Energetic Ion

• Drift kinetic equation
[
∂

∂t
+ v‖∇‖ + (vd + vE) · ∇ +

eα
mα

(v‖E‖ + vd · E)
∂

∂ε

]
fα = 0

where

ε =
1
2

mαv2, vE =
E × B

B2 , vd = vd sin θ r̂ + vd cos θθ̂, vd =
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eαBR
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⊥
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‖

• Anti-Hermite part of electric susceptibility tensor

↔
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• In the case of Maxwellean velocity distributution

Pm,m′ = i
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ICRF Waves in Toroidal Helical Plasmas
(Cold Plasma Model)

LHD (B0 = 3 T, R0 = 3.8 m)

f = 42 MHz, nφ0 = 20, ne0 = 3 × 1019 m−3, nH/(nHe + nH) = 0.235,

Nrmax = 100, Nθmax = 16 (m = −7 . . . 7), Nφmax = 4 (n = 10, 20, 30)

Wave electric field (imaginary part of poloidal component)

Power deposition profile (minority ion)



Typical Poloidal Profile

LHD (B0 = 3 T, R0 = 3.8 m)

f = 42 MHz, nφ0 = 20, ne0 = 3 × 1019 m−3, nH/(nHe + nH) = 0.235,

Nrmax = 100, Nθmax = 16 (m = −7 . . . 7), Nφmax = 4 (n = 10, 20, 30)

φ = 0 φ × 10 = π/2 φ × 10 = π φ × 10 = 3π/2

φ = 0 φ × 10 = π/2 φ × 10 = π φ × 10 = 3π/2



Frequency Dependence

• Power deposition profile

42 MHz 44 MHz 46 MHz 48 MHz

• Radial deposition profile

42 MHz 44 MHz 46 MHz 48 MHz



Parameter Dependence

Dependence on nH Ratio
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Alfvén Eigenmodes Below Gap requency

Parameters
R 3.5016 m
a 0.9837 m
κ .2810
δ 0.3098
b/a 1.1
B0 3.3119 T
Ip 1.6945 MA
ne(0) 0.2356 1020m−3

ne(a) 0.05 1020m−3

Te(0) 4.1 keV
Te(a) 0.8 keV
TD(0) 3.7 keV
TD(a) 0.4 keV

Radial profile of
Alfvén resonance frequency
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Complex Eigen Frequency of Alfvén Eigenmode
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Radial Mode Structure of Alfvén Eigenmode (n = 1)
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Mode Structure with Energetic Particle

• nF0 = 2 × 1017 m−3, TB = 500 keV, LnB = 0.5 m
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Modes and Eigenfunctions Driven by Energetic Ions

• nF0 = 2 × 1017 m−3, TF = 500 keV, LnF = 0.5 m, n = 1
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Parameter Dependence of Mode Structure

nF0 = 0 × 1017 m−3, TB = 0.5 MeV

Re f  [MHz]

Im
 f 

 [M
H

z]
nF0 = 1 × 1017 m−3, TB = 0.5 MeV
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nF0 = 3 × 1017 m−3, TB = 0.5 MeV
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nF0 = 1 × 1017 m−3, TB = 1 MeV
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Summary

•We studied ICRF waves in a toroidal helical plasma and Alfvén eigen-
modes in tokamak plasmas using the 3D full wave code, TASK/WM.

• Characteristics of ICRF heating in LHD was studies using the cold
plasma model. Dependence on the minority ion ratio agrees with experi-
mental observation.

• Kinetic 3D version is now working, but detailed study is not yet com-
pleted.

• The mode structure of the EPM/RTAE below the gap frequency was stud-
ied. Two types of modes can be destabilized by the energetic ions; strongly
damped TAE mode and weakly damped shear Alfvén mode.

• Future work
◦ Kinetic analysis of ICRF heating in LHD
◦ Systematic analysis of EPM/RTAE destabilized by energetic ions
◦ Kinetic Analysis of low-frequency modes including the effect of particle

orbit


