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Introduction

e Various kinds of extended MHD models

°© ldeal MHD

© Resistive MHD

o Hall MHD

°© Finite-electron-mass MHD
o Two-fluid MHD

o Kinetic models

— Uniform kinetic model: w > w., wgy, wp

- No FLR, Reduced FLR, Differential OP, Integral OP, Spectral
— Gyrokinetic model: w > wp
— Hamiltonian model: three (adiabatic) constants of motion



Full Wave Analysis

¢ Electric field E with a complex frequency w

¢ Maxwell’s equation and the dielectric tensor
1
V X P [V x E(r)] - w’g /dr’?(r, ) E(r) = 1wjuyr)
u(r
¢ Type of analyses

© Antenna excitation:

— w: real (boundary-value problem)

— Analysis of wave heating and current drive

— Loading impedance analysis (weakly stable eigenmode)
o Spontaneous excitation:

— w: complex (eigen-value problem)

— Analysis of linear stability



Previous Analysis

e TASK/WM
© Fourier mode expansion in poloidal and toroidal directions

©o Maxwell’s equation and the dielectric tensor

1 .
Vxﬂ—o VX Enn(0)| -6 Y € e e ©) Epryy(0) = 1 W (1)

m’n’
° (Uniform kinetic + gyrokinetic) dielectric tensor

— Plasma dispersion function for parallel interaction
— Electron finite mass
— No finite Larmor radius effects

° Finite difference method in radial direction
o Alfvén eigenmode analysis

o Excitation by energetic particle

© No coupling with drift waves



Present Analysis

e TASK/WA
© Fourier mode expansion in poloidal and toroidal directions

©o Maxwell’s equation and the dielectric tensor

1 N .
VX/J—(,O) [V X Emn(p)} —(,4)260 Z € m=m’ n—n’©) Eprr(p) = 10 Joxt (1)

© Resistive MHD dielectric tensor

° Finite element method in radial direction

© Higher numerical accuracy

o Comparison with previous Resistive MHD analyses
o Analysis of Resistive Wall Mode (RWM)

m/n/



TASK/WA: Coordinates

® Flux coordinate: (s, ®, ¢) = (x!, x2, x°)

°© ¢: Toroidal angle i
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TASK/WA: Finite Element Method

e Weak form of Maxwell’s equation: (w: weighting function)
1
/(wa)-—(VxE) dV+w260/w-?-EdV+ ia)/w-jexth
M

¢ Interpolation function

° In plasma: second-order Lagrange polynomial
°© In vacuum: linear function

¢ Boundary conditions

© On magnetic axis:

— FE> =~ sEg—0fors -0

— Finiteness of iwB = VX E
© On plasma surface:

— Surface term due to a derivative of discontinuous parameters.
© On perfectly conducting surface: £, =0, E3;=0



TASK/WA: Eigenmode analysis

¢ Excitation, j.,, proportional to the electron density

* Find complex w which maximize the volume-integrated electric
field amplitude

Inverse of volume-integrate wave amplitude, phase and amplitude of the
determinant of coefficient matrix as a function of the growth rate
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Resistive MHD Dielectric Tensor

¢ Resistive MHD equation

0B
VXE=——

ot

dp
—+I»pV-u=0
a P

du
—+Vp=j7X%XB
Pmdt pP=1J

E+uxB=nj
¢ Linearization: X = X + X;
¢ Laplace Transform: complex w
* Flux coordinate: (s, 0, 90)=(x1, X2, x3)

o Co-variant and contra-variant expression



Matrix Expression (l)

® Definitions

— 2 3
— (O’ l/lo, u())a

é(kefb—ke-Jo?) K (i),

k = (—id/dx!, m, n): wave number

— 1 2 3
up = (ul,ul,ul)

E =(E|1,E12.E13)

V = (d/dx',d/dx?, d/dx>)

_— g —_ H —_
u - Vg + 2y - A - up =

\wrd

U
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Matrix expression (ll)

¢ Adiabatic equation of state

d
iw' p| = ﬁu% +I'poV - uy

¢ Equation of motion
£0 (—iw'+?f)) @y +G - Vp1 = JBuisT R J1+F - KGy - E
® Ohm'’s law
G- E1+JByis7 - R -i +°G - K(ip) - Ey = nj
* Finally we obtain the linear relation between i; and E;

d
[77/00 (—iw'+<ﬁ)) ~(JBwiV’7 R -G R| -ty +— Z)‘V(d_p(l)“%JfFPoV‘m)
X

1w

< < < < - _
= |/BuisT - R -G + /BT - R -G K@) +n7 - KGip)| - B



Dielectric Tensor

* Induced current: J; = & - E;
¢ Electrical conductivity tensor

L L L d
O =00+ 0 xy—

dxl
d o d o d
FT R T R
d d o RN d o d
— —
+ &y — Ly —Ro+ Ty — Loy — R |—
2 dxl 22 dxl 0T &2 dxl 22 dxl 1dx1

where ?&) and O, are 3x3 matrixes, o1 and &%, are 3x2 matrixes,
Rpand R are 2 x 3 matrixes, L5 is a2 x 2 matrix.

® Dielectric tensor

o P 1 PN
E=I+—EO‘S
wep



Circular Waveguide

¢ Analytic solution

o \2
k2 N (]ml) _ w
¢ Cl2 C2

® 46.7/MHz, 128.2MHz, 204.3MHz for k, = 1/3 m~!, a=2mCm =1

Inverse of volume-integrated electric field amplitude
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Spectrum in a Cylindrical Plasma

e Square of frequency normalized
by the Alfven time 754 = Ry/va,

Qz — (wTA)z 10* +

* From high frequency:

, 102
fast wave, shear Alfvén wave, slow wave

e Good agreement with Fig. 5 '
in M. Chance, et. al,
Nucl. Fusion 17 (1977) 65

® Parameters

o Uniform density, B;, and ¢ 104 L

© Poloidal mode number m = 2
°ng=1.9

10° -

107




External Kink Mode in a Cylindrical Plasma

¢ Flat current profile
¢ Analytic solution

m—nqq

- (a/b>2m]

®a=1m, b=1.2aCL =2nRy = 40nmCm = 2Cn =1
Growth rate as a function of ng

Y2 qoT5 = 2(m — ngy) [1
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m = 1 Internal Kink Mode and Tearing Mode

Growth rate as a function of plasma resistivity
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Spectrum in a Tokamak Plasma

e Spectrum of Incompressible plasma in a Solovev equilibrium

¢ cf. Fig. 2 in M. Chance, et. al, J. Comput. Phys 28 (1978) 1

°*c=a/Ry=1/20,k=1,qg9 =0.08591,n =10, m =0,1,2
TASK/WA Chance et al.
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Dispersion Relation of RWM

¢ Cylindrical plasma: (radius: a)
o Axial length: 2R (periodic)

© Poloidal mode number: m
o Toroidal mode number: n, k = —n/Ry, (k*r* < 1)

e Surrounded by a resistive and ferromagnetic wall: (radius: b)

%/ vacuum I wall vacuum II
|
!

|
I
0 a b b+d

o Wall thickness: d

o Wall permeability: uw, (it = pw/ o)
o Wall resistivity: nw




Dispersion Relation of RWM ()

¢ Response of the vacuum regions and the wall

22b+d) -

m*{1*

b

_ d
242y

(1— e _ amp(1 + e

O = —F

22+ d) +

A

m-H
b

| )

(1 — e 72 4 amp(1 + e ~24% (2 +

where

2
2 _ pytw  m 2
A +— +k
bd b2
¢ Response of the plasma
2m

_|_
(nga + m)/(ngq —m) + Ag(y)(1 +92) + 5% —m
where the normalized growth rate is

Y = ¥TAqa/(m — nqq)



Dispersion Relation of RWM (ll)

¢ Value of A,(y)

© When the g profile is flat: A,(y) =m -1

© When the rational surface ¢(r,,;,) = m/n is close to the plasma
surface, r,,;;, = a:

AL 0)(1 + 997! (ff’)
%) ’ Aa O = L
1= A0) (1= [ +%%)'dy) © &/
where ¢ is a solution of the Euler equation

d [ de )
a(fa) —g96=0
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Numerical Results for RWM

e Comparison between the dispersion relation and the numeri-
cal results by TASK/WA

© Plasma resistivity 7y1asma iS Non-zero in TASK/WA
o |deally conducting wall at r = ¢ in TASK/WA

Typical Electric Field Profile (Re/Im)
forb/a=123,c/a=20,m=2,n=1

E, Eg Eg in the wall
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Dependence on the Wall Radius b/a

VTw

ratio

g profile: Flat
q(r) = qa = 1.35

for various values of d/a

800

700
600
500
400
300
200
100

1.01 - - - . :
1.00

g*ll.l..'lllll.
1.141161.18 1.2 1.221.241.261.28 1.3

0.9

dispersion relation (fi=1)
(1=10)

TASK/WA (f1=1)

(A=10)

o B O [

(DR) /(WA code) (fi=1) m
(=10) @

o0 0 6o

I E

bla

VTw

g profile: Wesson type
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There is a soft threshold of the wall radius b/a.
The dispersion relation correctly predicts .




Destabilization by yuw.n > 1 (b/a = 1.23)

g profile: Flat g profile: Wesson type
q(r) = qq = 1.35 qgo=0.8,g4=1.8

for various values of d/a wall thickness d/a = 0.02
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Stabilization by Toroidal Rotation

¢ Plasma rotation stabilizes RWM when plasma dissipation exists

¢ [t was confirmed that the kinetic dissipation is not important
when the plasma is incompressible near the plasma edge.

® g profile: Wesson type (gg = 0.8Cg, = 1.8)

Toroidal rotation dependence of the RWM growth rate
for various values of 7¢ e
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Comparison of Dissipation Mechanisms
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Summary

® We have developed a full wave code TASK/WA in order to study
the applicability of the full wave analysis to the linear stability study
of global modes in a tokamak.

¢ Resistive MHD dielectric tensor was used in the present analysis
and the results are compared with previous MHD studies. Good
agreement was shown for cylindrical plasmas and for incom-
pressible modes in tokamak plasmas.

® We analyzed the ferromagnetic effect on the resistive wall mode
In a cylindrical plasma using a resistive MHD dielectric tensor.

®* The growth rate of RWMs calculated from the dispersion relation
agrees well with the results of the TASK/WA code.

® The critical plasma rotation which stabilizes RWMs increases
almost linearly with the increase of /..



